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QUANTUM COHOMOLOGY OF MODULI SPACES
OF GENUS ZERO STABLE CURVES
CLAUDIO FONTANARI
Abstract. We investigate the (small) quantum cohomology ring of the
moduli spacesM0,n of stable n-pointed curves of genus 0. In particular,
we determine an explicit presentation in the case n = 5 and we outline
a computational approach to the case n = 6.
1. Introduction
The (small) quantum cohomology ring of a smooth algebraic variety with
⋆-product defined in terms of (3-point) Gromov-Witten invariants is a for-
mal deformation of the classical Chow ring in the sense that the ⋆-product
specializes to the cup-product when the formal parameters are set to 0. The
notion of quantum Chow ring has been recently extended also to smooth
orbifolds and its degree zero part is usually called the stringy Chow ring. In
[1] the stringy Chow ring of M1,1 has been computed, while in [17] the case
of M2 is handled and that of M2 is announced.
Here instead we address the (small) quantum cohomology of the moduli
spacesM0,n of stable n-pointed curves of genus 0. Even though these spaces
are smooth projective varieties with a quite explicit description, nonetheless
their geometry turns out to be rather involved: indeed, just to quote a
couple of astonishing facts, we mention that, despite the serious efforts by
many valuable mathematicians, their ample (resp., effective) cone has been
determined so far only for n ≤ 7 and n ≤ 6 resp. (see [15] and [12] resp.).
In the present paper we provide an explicit presentation of the small quan-
tum cohomology ring in the case n = 5 (see Corollary 1) relying on previous
work by Go¨ttsche and Pandharipande ([10]) and we suggest a computational
approach to the case n = 6 (see Remark 2) inspired by Gathmann [9] (see
also [4], where the small quantum cohomology of all del Pezzo surfaces is cal-
culated, and [3], where a general theorem about semisimplicity conservation
under blowing-up of points is proved).
The author is grateful to Gianfranco Casnati, Gianni Ciolli, and Barbara
Fantechi for inspiring conversations and enlightening suggestions. Thanks
are also due to Yuri I. Manin and Dan Abramovich for kindly pointing out
references [3], [4], and [5], respectively.
2. Preliminaries
2.1. (Small) quantum cohomology. Let X be a smooth complex projec-
tive variety, let T0 = 1 ∈ A
0(X), T1, . . . , Tm be a homogeneous basis of the
graded vector space V := H∗(X,Q). Let T 0 = point, T 1, . . . , Tm ∈ V be the
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(Poincare´) dual basis and let E ⊂ H2(X,Z) denote the subset of effective
curves.
The (small) quantum cohomology ring of X is a ⋆-product structure on
V ⊗ R, where R is a formal power series ring and the quantum product
⋆ reduces to the usual cup product ∪ when all formal variables are set to
zero. Namely, given classes α1 and α2 ∈ H
∗(X,Q), their quantum product
is defined as follows:
α1 ⋆ α2 = α1 ∪ α2 +
∑
β∈E
m∑
i=0
Iβ(α1, α2, Ti)T
iqβ
where Iβ(·, ·, ·) denotes the (3-point) Gromov-Witten invariant relative to
class β (see for instance [8], § 7).
2.2. Moduli spaces of genus zero (stable) curves. The moduli spaces
M0,n of stable n-pointed curves of genus 0 is a smooth projective variety
of dimension n − 3 which can be explicitely obtained from Pn−3 via the
following construction due to Kapranov. For every n ≥ 4, let X ⊂ Pn−3
be a set of n − 1 points in linear general position, let B0 := Pn−3 and for
i ≥ 0 let Bi+1 → Bi be the blow-up of Bi along the proper transforms of
the
(
n−1
i+1
)
i-planes through i + 1 points. With the above notation, we have
M0,n ∼= B
n−4 (see for instance [18]).
Let P := {1, 2, . . . , n} and for every S ⊂ P with 2 ≤ |S| ≤ n − 2 let
∆{0,S} be the boundary component of M0,n whose general element is the
union of two copies of P1, labelled respectively by S and P \ S, meeting at
one point. We denote by δS the corresponding class in Pic(M0,n) and we
define inductively:
B4 := {δ{2,3}}
Bi := Bi−1 ∪ {δB : B ⊆ {1, . . . , i}, i /∈ B ⊇ {i− 1, i− 2}}
∪{δBc\{i} : δB ∈ Bi−1 \Bi−2}.
Then according to [7], Proposition 1, Bn is a basis of Pic(M0,n).
3. The results
3.1. The case n = 5. In order to determine the quantum cohomology ring
we first need to manage the quantum product between two divisor classes.
Theorem 1. Let X be P2 blown up at 4 points in linear general position.
Let H,E1, . . . , E4 denote the strict transform of the hyperplane class and
the exceptional divisor classes respectively. If ∆1,∆2 ∈ H
2(X,Q) then their
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quantum product can be expressed as follows:
∆1 ⋆∆2 = ∆1.∆2 −
4∑
i=1
∆1.Ei∆2.EiEiq
0,ei
+
∑
1≤i<j≤4
∆1.(H − Ei − Ej)∆2.(H − Ei − Ej)
+(H + Ei + Ej)q
1,ei+ej
+
∑
∆1.(H −
4∑
i=1
εiEi)∆2.(H −
4∑
i=1
εiEi)q
1,
P
4
i=1 εiei
+
∑
∆1.(2H −
4∑
i=1
εiEi)∆2.(2H −
4∑
i=1
εiEi)q
2,
P
4
i=1 εiei
where the sums run over εi ∈ {0, 1} and if β = aH −
∑4
i=1 biEi we denote
qβ by qa,(b1,b2,b3,b4) writing ei for the i-th vector of the canonical basis of R
4.
Proof. By [2], Corollary 3.3, the effective cone of X is generated by the
following divisors:
D1 = H − E1 − E2
D2 = H − E1 − E3
D3 = H − E1 − E4
D4 = H − E2 − E3
D5 = H − E2 − E4
D6 = H − E3 − E4
D7 = E1
D8 = E2
D9 = E3
D10 = E4
Hence if
β = dH −
4∑
i=1
aiEi
is an effective curve, then we can write
β =
10∑
i=1
ciDi
with ci ≥ 0 for every i, in particular we have
d =
6∑
i=1
ci
By the divisor axiom,
Iβ(∆1,∆2, Ti) = (∆1.β)(∆2.β)Iβ(Ti)
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therefore we need only to compute 1-point Gromov-Witten invariants. Since
−KX = OX(1) = 3H − E1 − E2 −E3 − E4
we deduce that the expected dimension of the corresponding moduli space
of stable maps is
(1) vdimM0,1(X,β) = −KX .β =
10∑
i=1
ci
We have to consider separately the three cases Ti = 1, Ti = D a divisor
and Ti = point. It is a general fact that Iβ(1) = 0 (see for instance [8],
§ 7.(II)). Next, if D is a divisor then Iβ(D) 6= 0 only if vdimM0,1(X,β) = 1,
in particular we have d ≤ 1. If d = 0, then β is purely exceptional and
from [9], Lemma 2.3 (i), it follows that Iβ(D) 6= 0 if and only if β = Ei,
D = Ei and IEi(Ei) = −1. If instead d = 1, then β = H − Ei − Ej and
Iβ(D) 6= 0 if and only if D is either H, or Ei, or Ej , and Iβ(D) = 1. Finally,
if Ti = point then Iβ(point) 6= 0 only if vdimM0,1(X,β) = 2, in particular
we have d ≤ 2. If d = 0, then β is purely exceptional and Iβ(point) = 0 by
[9], Lemma 2.3 (i). If d = 1, we have Iβ(point) = 1 for β = H −
∑4
i=1 εiEi
with εi ∈ {0, 1} and Iβ(point) = 0 otherwise by [10], § 5.2 and § 3.(P4)–(P5).
If d = 2, we have Iβ(point) = 1 for β = 2H −
∑4
i=1 εiEi with εi ∈ {0, 1} and
Iβ(point) = 0 otherwise by [10], § 5.2 and § 3.(P4)–(P5). Hence our claim
follows.

As a consequence, we can perform the computation we are interested in.
Corollary 1. The small quantum cohomology ring of M0,5 admits the fol-
lowing explicit presentation:
QH∗s (M0,5) =
Q[q0,
P
4
i=1 εiei , q1,
P
4
i=1 εiei , q2,
P
4
i=1 εiei , δ2,3, δ3,4, δ1,5, δ2,5, δ1,4]
(f∗i )i=1,...,5
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where εi ∈ {0, 1}, ei denotes the i-th vector of the canonical basis of R
4 and
f∗1 = δ2,3 ⋆ δ3,4 + E1q
0,(1,0,0,0) − q1,(0,0,0,0) − q1,(0,0,1,0) − q1,(1,1,0,1)
−q1,(1,1,1,1) − 4q2,(0,0,0,0) − q2,(1,0,0,0) − 2q2,(0,1,0,0) − 4q2,(0,0,1,0)
−2q2,(0,0,0,1) − q2,(1,0,1,0) − 2q2,(0,1,1,0) − q2,(0,1,0,1)
−2q2,(0,0,1,1) − q2,(0,1,1,1)
f∗2 = δ2,3 ⋆ δ2,5 − (H + E2 + E3)q
1,(0,1,1,0) − q1,(0,1,0,0) − q1,(0,1,1,0)
+q1,(1,1,0,1) + q1,(1,1,1,1) − 2q2,(0,1,0,0) − q2,(1,1,0,0) − 2q2,(0,1,1,0)
−q2,(0,1,0,1) − q2,(0,1,1,1) − q2,(1,1,1,0)
f∗3 = δ3,4 ⋆ δ1,4 + E2q
0,(0,1,0,0) − q1,(0,0,0,0) − q1,(0,0,0,1) − q1,(1,1,1,0)
−q1,(1,1,1,1) − 4q2,(0,0,0,0) − 2q2,(1,0,0,0) − q2,(0,1,0,0)
−2q2,(0,0,1,0) − 4q2,(0,0,0,1) − q2,(1,0,1,0) − 2q2,(1,0,0,1) − q2,(0,1,0,1)
−2q2,(0,0,1,1) − q2,(1,0,1,1)
f∗4 = δ1,5 ⋆ δ2,5 − (H + E1 + E2)q
1,(1,1,0,0) − q1,(1,1,0,0) − q1,(1,1,1,0)
−q1,(1,1,0,1) − q1,(1,1,1,1) − q2,(1,1,0,0) − q2,(1,1,1,0) − q2,(1,1,0,1)
−q2,(1,1,1,1)
f∗5 = δ1,5 ⋆ δ1,4 − (H + E1 + E4)q
1,(1,0,0,1) − q1,(1,0,0,0) − q1,(1,0,0,1)
+q1,(1,1,1,0) + q1,(1,1,1,1) − 2q2,(1,0,0,0) − 2q2,(1,0,0,1) − q2,(1,1,0,0)
−q2,(1,0,1,0) − q2,(1,1,0,1) − q2,(1,0,1,1)
Proof. From Keel’s results in [14] we deduce the following presentation of
the classical Chow ring of M0,5 in terms of the basis B5 recalled in § 2.2:
A∗(M0,5) =
Z[δ2,3, δ3,4, δ1,5, δ2,5, δ1,4]
(fi)i=1,...,5
where
f∗1 = δ2,3.δ3,4 = 0
f∗2 = δ2,3.δ2,5 = 0
f∗3 = δ3,4.δ1,4 = 0
f∗4 = δ1,5.δ2,5 = 0
f∗5 = δ1,5.δ1,4 = 0
According to Kapranov construction recalled in § 2.2, we can regard M0,5
as P2 blown up at 4 points in linear general position and obtain exactly as
in [18] the following identifications (here we take 5 to be the special point):
δ2,3 = H − E1 − E4
δ3,4 = H − E1 − E2
δ1,5 = E1
δ2,5 = E2
δ1,4 = H − E2 − E3
Notice moreover that by (1) Iβ(α1, α2, Ti) 6= 0 only when
∑
ci(−KX .Di)
is a fixed number with both ci ≥ 0 and −KX .Di > 0 for every i, hence
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there are only finitely many possible values for the exponents of the formal
variables q and the quantum cohomology ring turns out to be a polynomial
ring. Hence our claim can be deduced from Theorem 1 by applying[8], § 10,
Proposition 11 (see [16], Chapter 3, for analogous computations).

3.2. The case n = 6. Here we have obtained only partial results.
Conjecture 1. Let Y be the blow-up a smooth projective threefold X along
a curve C such that g(C) ≥ 1 or g(C) = 0 and −KX .C ≥ 0. Then the
associativity equations of the quantum product suffice to determine all (genus
0) Gromov-Witten invariants of Y in terms of those of X.
Remark 1. In order to address Conjecture 1, one might wish to argue as
in [9], proof of Theorem 2.1. Indeed, if both β and T are non-exceptional
classes, then [13], Theorem 1.5, would even imply IYβ (T ) = I
X
β (T ) (but see
[5], Remark 8, for a pertinent counterexample to the statement in [13]). On
the other hand, if β is exceptional then β = F and the only eventually
nonzero invariants to be computed are IdF (dϕ), where F and ϕ correspond
to exceptional fibers. These invariants enumerate d-fold coverings of a fibre
over a point in C, hence they are zero for d ≥ 2 (otherwise a curve should
lie in two different fibers). If instead d = 1 then IF (ϕ) = −1 (see for
instance [6], Lemma 2). Unluckily, as far as we know, the analogue of [9],
Algorithm 2.4, is still missing.
Remark 2. From Conjecture 1 it would follow that all Gromov-Witten
invariants ofM0,6 can be recursively computed. Indeed, as recalled in § 2.2,
M0,6 can be identified with P
3 blown up in 5 points in linear general position
and along the cords between pairs of points. In order to check that −K.C ≥
0, let C be the strict transform of the cord lab between points a and b and
choose planes π, ρ in P3 such that lab = π.ρ. If p : X˜ → X denotes the blow
up of lab we have
p∗π = π˜ + Ea + Eb
p∗ρ = ρ˜+ Ea + Eb
KX˜ = KP3 + 2
∑
i
Ei + 2
∑
i,j
Eij
(see [11], II., ex. 8.5) where π˜ and ρ˜ resp. are the strict transforms of π and
ρ resp., while Ei and Eij are the exceptional divisors corresponding to the
points and the cords which have been previously blown up. Hence
−KX˜ .C = (−KP3 − 2
∑
i
Ei − 2
∑
i,j
Eij).
(p∗π −Ea − Eb).(p
∗ρ− Ea − Eb)
= −KP3 .π.ρ− 2E
3
a − 2E
3
b
= OP3(4).lab − 2− 2 = 0
(recall that if p : X˜ → X is the blow up of a smooth threefold along a
smooth curve with exceptional divisor E then E.p∗C = 0 for every curve
C ⊂ X, see for instance [6], Lemma 1).
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